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Periodic sets and periodic functions
Arkady Alt 2°

Short preface. The basis of this article is the special course that was read by the
author for university students in 1989. The main purpose of this special course was
the consideration of periodicity conditions of a sums and products of periodic
functions.

In the definition of periodic functions important role is played the concept of a
periodic set, with we start our narration.

I. PERIODIC SETS
Definition 1.
We say that set A is periodic if there is number 7 # 0 such that a € A implies
atTe A (shortly A+ 7 C A)
(empty set @ by definition is periodic and its period is any real nonzero number)
Remark. If A is periodic set with period T then:
1. R\ A is periodic with period 7 as well;
2.1f BC A then B+ 7Z C A and B+ 7Z is periodic set.

Proof.

1. Let x € R\ A then x + 7 € R\ A because otherwise if x + 7 ¢ R\ A then
r+7 € A and, therefore, z = (x £ 7) F 7 € A, that contradict to x € R\ A.

2. Immediatelly follow from definition.
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Examples of a periodic sets.
L.R is obviously periodic set;

2.Let a,b € R and b #£ 0 then q +bZ:={a+nb|ne Z} is periodic set with period
b;

3. R\ (a+bZ) is periodic with period b;
4. Let a,b € R and a, b # 0 then aZ + b7 .= {am +bn | n,m e Z} is periodic set
with periods a and b.Furthermore, any element of this set is also its period. Indeed,

let 7:= amg + bng.Then

am+bn:t(amo+nob)=a(m:|:m0)b+(n:l:n0).
If% € Q that is - g where p,q € Z and ged (p,q) =1 then 7 = aq = pb is period

[~

as well.
If 3 ¢ Q then aZ + bZ is everywhere dence and, therefore, contain any small enough

positive 7 which is period of this set as well. Hence, in that case, R\ (aZ + bZ) is
periodic as well with any such 7 as a period. (see Remark above).

Examples 2,4 represent closed* periodic sets. Periodic sets in example 3.and set
R\ (aZ + bZ) represent some open* periodic sets.

Let A be periodic set and let Zy == Z\ {0}. We will denote via 2 (A) set of all
periods of set A.

If 7 € Q(A) then 7Z, € Q (A) .(math induction);

If 71,75 € Q(A) then 7 + T2 € 2(A) and furtermore, 7,7, + T2Zy € Q(A);

Q2 (A) is periodic as well with any own element as a period.

(because for any w € 0 (A) and any 7 € O (A) we have w £+ 1 € 0 (A))

50 2(22(A4)) =Q(A).

Let @y (A):={r|7eq (A) and 7 > 0} .Since Q (A) # @ for periodic set A then
Q4 (A) # o as well.

For Q(A) can be two options presented by two following propositions:

Proposition 1. Let 24 (A) contain smallest element. Then y := min Q. (A) we
call main period of the periodic set A

and Q (A4) = uz,.

Proof. Assume contrary that there is + € 0 (A) such that

T 5

=) = e
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Since p =7 —np € O, (A) and p < p. That contrdict to yu = min€, (A).

Proposition 2. Let 2, (4) have no smallest element, that is no min Q, (A) only
inf 2, (A). Then inf Q (4) = 0 and 4 (A) dense in (0, 00).

Proof. Let p1:=inf Qy (A). Then K& Q4 (A). We will prove that n=0.
Suppose that ;2 > 0. Then for any € > 0 there is 7 € Q4 (A) such that p<T<pte.
Since Q4 (A) have no smallest period then there is 71 € 2, (A) such that T <T.
Thus we have < 7 < 7 < 1+ € and, therefore,

T—NT<pte—pu=e.

Since 7 — 7 is positive period of A then we can conclude that for any € > 0 there is

7€ Q4 (A) such that 7 < e.
In particular for ¢ :=  there is positive period 7 < # and that contradict

Let (@, ) C (0,00) then there is + € Q4 (A) such that 7 < 8 — a.

3 Qv 5
Since = — — > 1 then there 1sn € N such that
T T

e
—<n<é = a<nr<p/
T T
and since n7 € Q4 (A) it is mean that 24 (A) dense in (0, ).

Operations with periodic sets.
1. Let A, B be periodic sets then what we can say about periodicity of

A+ B,AUB,AN B?

Let A, B be periodic sets with main periods pa, pup:
If ua, g are commensurable, that is i) € Q then sets A+ B. AU B, AN B all
KB

periodic.

] p
Proof. Let L f;,p,q € N then for 7 := qita = pup we have:
B
A+ B is periodic with period 7. Indeed,let a +b e A+ B then
a+b+7€ A+ B

because a + 7 = g + qra € A; AU B is periodic with period 7.
ndeed,let x € AU B then we have:

TEA = THT=x4 quy €ACAUB;

r€B — T+T=2+4+pup € BC AUB.
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AN B is periodic with period 7. Indeed, let x € AN B then

T+T=x+qua€A andx+7 =2+ pup € B. Hence, x +7 € AN B.

But if g, up are incommensurable, that is ’fj—A ¢ Q, then AU B can be unperiodic
B

set.

Example. Let A :=Z, B := aZ then both periodical (2 (A) = Z, and
Q(B) = aZ,) but AUB isn’t periodic.

Proof. Assume contrary that AU B is periodic with positive period 7. Consider
three possible logical cases:

1. 7€ Q(A) =2, Since b+ 7 ¢ B for any b € B and b+ 7 € AU B remains
b+717€ A < na+7=a for some n,a € Z and, therefore,

ne=a—7 <= acQ.

That is contradiction;

2 TEQ(B):aZ,,.Sincea-kr¢Aforanya€Aand a+ 7 € AU B remains
a+T7TEB < a+T7=ma

for some m,a € Z and, therefore, a € aZ.
That is the contradiction again.

3. ¢ Q(A)NQ(B). Since T isn’t integer then a + 7 ¢ A for any a € A = Z and
then remains a + 7 € B that is a + 7 = na for some n € Z.But then for two distinct
elements of A,two integers a; # ag, we have a + 7 = niQa,as + 7 = naa, where
n1,n2 € Z and then

al—agza(nl—nz) = aEQ.

Thus, Z U aZ isn’t periodic.

Since ZUaZ isn’t periodic then RN\ (ZU aZ) = R\ZNR\aZ isn’t periodic as well.
Indeed, if R\Z N R\ aZ is perodic, that is periodic R\ (ZU aZ), then must be
periodic R\ (R\ (ZUaZ)) =Z U aZ.

So, it is example of non-periodic intersection of two periodic sets R\Z and R\ aZ.
And what about Z + aZ? It is also non-periodic.

Assume contrary that 7 is period of Z + aZ.Then

ai +b1a+7'=cl + di«

and
a2+b2a+7'=cz+d2a,

where a;,b;,c;,d; € Z,i= 1-2
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Hence
ag—al—f—(bg—bl)a:cQ—cl+(d2—d1)a = a € Q.

Proposition 3. Let A, B be two periodic sets such that B C A then

QBNA)=Q(B) and QBUA) =Q(4).
Bverywher further we will cosider the functions defined only on open periodic sets.

IT PERIODIC FUNCTIONS

Definition 2. Let D be periodic set. We say that function f:D — R is periodic
if there is 7 € Q (D) such that

fz+7)=f(2)

for any x € D.
We denote set of all periods of periodic function f via Q (f).
Obvious that Q (f) C Q (D)

Proposition 1. 1. If 7,75 € Qf and 71 + 72 # 0 then
T+ 7 € Q(f) (shortly Q(f) +Q(f) C Q(f));

2. It 7€ Qp and n € Z\ {0} then nt C Qf (shortly Z\ {0} -Q(f) c Q).
Proof. 1. Since 71,72 are periods of function f then for any @ € D we have

flet(n+n)=Ff(e+n)+n)=Ff(z+n)=f(z);
2. Let 7 is period of f then
f@=f(@-n+n=f @-1)=f @@+ (7).
So, —7 € Q(f).

Also, since

f@++)1)=f (@+n7)+7)=f (x+n7)
then by Math Induction we get f (x4 nr) = f (x) for any natural n. Similarly, for
period —7 we get f (z+n(-7)) = f(2).
So, f (x+n1) = f(x) for any integer n.
Let Q4 (f) :={7 |7 € Q(f) and 7 > 0} .Since +7 € Q (f) then |7| € Q4 (f) and,
therefore, Q4 (f) # @. .

Proposition 2. If Q (f) has a smallest period, let it be 7, then (f) = 1eZ, that
is for any 7 € Q(f) there is an integer n # 0 such that 7 = nr,.

Proof. Assume contrary that there is 7 € Q ( f) such that
T T
— ¢ 7 = | — .
T ? {7'* } 7
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Then

T T T
*=[—J+{—} = T=nr.+p
Tx Tx

. )’
Since p=7 —nr, Q4 (f) and p < .. That contrdict to 7, = min (S
In the case T, = min Qy (f) we call 7, main period  of function f.

where n = [TLJ and p =7, {l

Proposition 3. If Q4 (f) have no smallest period then for any £ > 0 there is
7 € Q4 (f) such that 7 < ¢ and furtheremore, O (f) dense in (0, ) (=
Q(f) everywhere dense).

Proof. Let 1, := inf Q4 (f). Then 7, ¢ Q4 (f). We will prove that Te = 0.
Suppose that 7, > 0. Then for any & > 0 there is 7 Q4 (f) such that

T < T < Ty +e.

Since Q4 (f) have no smallest period then there is 7; € Q4 (f) such that <.
Thus we have 7, < 71 <7 <T«+e€ and, therefore,

T—- T <Twt+e—71,=€¢.

Since 7 — 7 is positive period of f then for any € > 0 there is 7 € Q4 (f) such that
T<E.

In particular for ¢ := T« there is positive period 7 < 7, and that contradict

T =infQy (f).

Let (o, 8) C (0,00) then there is € Q4 (f) such that 7 < 8 —q.

Since 2 — & > 1 then there is n € N such that
T T
a B
—<n< = a<nr<p/
T T
and since nT € Q (f) it is mean that Q4 (f) dense in (0,00).

Proposition 4. If f: D — R is periodic with period 7 and a # 0,b ¢ Q (f) then
function

xl—)f(a:c-l—b):a_l-(D—b)——)R

is periodic as well with period 7a1,

Proof. a=! - D is periodic set with period 7a~!.Indeed, let 2 € g1 . (D —b) then
T=a"1(t-b),teD and

x:i:ra‘l=a“1((t—b):tr)=a"1((t:l:r)—b)ea_l-(D—b)
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because t + 7 € D;
Also,

fla(z+7a™t) +b) =fla(a ' (t—b)+1a ) +b) = f((t—b)+T1+b) =

=ft+7)=f@1)=f(ax+0).

Proposition 5. If f () is periodic with period 7 and differentiable then f’ (z) is
periodic as well with period 7.

Proof. We have

= f'(z).

f,(HT)Z}E%f((w+h)+;)~f($+ﬂ :Ai_%f(m+h}3’—f(w)

Theorem 1. Let function f: D — R is periodic and continuous at least in one
point a € D.
Then f have no smallest positive period iff f () is a constant function.

Proof. Let f have no smallest positive period and x € D be any. Since f is
continuous in a then for any € > 0 there is § > 0 that for any v € D inequality
[u—a| <§yield |f (u) — f (a)] < e.

From the other hand since Q (f) everywhere dense (Proposition 3) there is 7 € Q (f)
such that

[(a—2z)—7|<é < |la—(z+7)| <.
Then

[f(z+7)—fla)l <e < |f(2) - f(a)l <e

Since inequality |f (z) — f (a)| < e holds for any € > 0 then f (z) = f (a).

If f (2) is constant function the it is obviously continuous and any real 7 # 0 is a
period.

Then Q4 (f) = (0,00) and have no smallest positive period.

Corollary. (Follow immediatelly from the Theorem). Let
function f: D — R is periodic and continuous at least in one point a € D.
If f (x) isn’t a constant function then f (x) has smallest positive period 7, and then

Q(f) =7 - Z\{0}.
Remark. Another,direct proof of the Corollary. First note that for any
a € R and any b € R\ {0} there are unique pair (k,r) such that k € Z,
0<p<|b| and a = kb+ p.
Indeed, since
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5= 5]+ {3}
b Lo b
then a has unique representation a = kb + p, where k := [E] .

p :=b{%} € [0,b).

Assume that f (z) isn’t a constant but set Q; (f) have no smallest element
Let z € D be any and let 71 be ay positive period.

Then z — a = ky71 + p1, where k; = [m—a] , P1i=T1 {:cT—a} € [0, 7).
T1 1
If p; =0 then

z=a+kinn = f(z)=f(a+kim)=f(a);
If p1 > 0 then since Q4 (f) have no minimal period there is 75 € 2 (f) that
T2 < pP1.
Then p; = koo +p2, where 0< ps <7y < p; < 11.
Ifpp=0thenz—a—kim=p=korys = z=0a+ k17 + ko7 and, therefore,
f(fL‘) = f(a+k17'1 +k27'2) = f(a)

If p» > 0 we can continue this process.
Assume that we aready have representation

r=a+kim +kamo+ ... + knTo + pn
where
0<pn <Tn < pPp-1<Tp-1<..<72<p; <71
If p, = 0 then as before we obtain
f@)=fla+kim+ ...+ k1) = f(a).

Consider now case when process is infinite.
Since inf Q4 (f) = 0 we can provide lim p, =0 if we claim on n — th step that
n— o0

Tp <min{7,_1,1/n} for each n € N.
Hence,

f@)=fla+kimi+ ... +knTn +pn) = f(a+ pp)
and

f(@)= lim f(a+pn)=f(a)

because f is continuous in a.So, we obtaned f (z) = f (a) for any z € D that is
contradiction with f (z) isn’t a constant function.
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Exersices which represents examples of periodic functions.
1. sinz,cosz are periodic on R. Prove that 27 is main period;

2. tanz is periodic on R\ {7/2 + n7 | n € Z}; cot z periodic on R\ {nx |n € Z}.
Prove that 7 is main period for both.

3. Prove that {z} is periodic on R with main period 1;

[ 1litz e R\Q
4.Letd(x)‘—{ 0ifzecQ
everywhere discontinuous function and 2 (d) = Q\ {0}.(Q everywhere dense).

(Dirihlet Function). Prove that d (z) is periodic,

5. Prove that function {x — a} d (x) is periodic on R with main period 1 and
continuous only in points a + n,n € Z..

Problems with solutions.

Problem 1. Find all continuous functions f that satisfy equations
f@=fe+1)=f(z+v2).

Solution. Since f(x+1) = f (2) and f (v + V2) = f(z) then f (z) has
simulteneously period 1 and period v/2.
From the other hand f (z) as contfunctinuos function have two options, namely
f (z) is constant function or if it isn’t constant and then f (2) has smallest
positive period 7.

: m .
In that case 1 = n7, and /2 = mr, for some integer n, m.Then v/2 = — € Q,that is
the contradiction. o
Thus remains that f (z) is a constant function.

Another solution. Since 1 and v/2 are periods of f (z) then m + nv/2 for any
m,n € Z\ {0} is period as well.

Since set {m +nv2 | m,n € N} C Q4 (f) by* Kronecker Theorem dense in
(0,00) then Q4 (f) is dense in (0,00) and, therefore, then by Theorem f (z) is a
constant function.

Problem 2. Prove that sup (sin 7x + sin 7r\/§x) =2,

Solution. It is obwious that sin 7z + sin 7v/2z < 2. Also note that

. . sinTx =1
sin7z + sinmV2x = 2 = { I
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T=1/24+2n,neZ

1/2+2m
1/24-2 e el M L :
= q ,._L2+ momez = 1/2+2n i V2eQ

V2

Thus, sin 7z + sinmv/2z < 2 for any real z.
By replacing x with 1/2 + 2n we obtain

0<1-sinmv2(1/2+2n) =1 — cos (7r\/§(1/2 +2n) — g — 2m7r) =
= 2sin? \ﬂﬁ(l/2 ) S mm
2 4 '
Then suffice to prove that there are integers n,m such that

ﬁ(1/22+2n)_1 =

4——‘m

for any e € (0,7/2) because then

2 5in? <7r\/§(1/2+2n) T

- — —'ITL?T) < 2sin?e < 2¢2.

2 4
We have
2(1/2+42 1 2-1
VU 2l <e o [Vanom - Y221,

and latter inequality holds for some integers n, m because set
{\/§n —m|n,me Z} dense everywhere by Kronecker Theorem.

Problem 3. Prove that sinz + sin v/2z is non-periodic function.

Solution 1. Suppose that sin z + sin V2z is periodic with the period 7.
Then

sin(m+r)+sin\/§(a:+7):sinm+sin\/§m =

sin(z+7) —sinz = — (sin\/i(x—f-T) —sin\/ix).
= h(z):=sin(z+71) —sinz = — (sin\/ﬁ(ar+7') — sin \/iw)

Then & () is periodic with period 7.But at the same time A (z) have periods
27 and /2.
Note that 7 ¢ 27Z\ {0} because otherwise if T € 27Z\ {0} then
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sinV2(z+7) —sinv2z =0

for any x and in paricular if x = 0.
Then
SinVv2r =0 < V2r=kr = V2€Z

contradiction.
Since continuos function h (z) isn’t constant then it has smallest positive period ..
Then 27 = k7. and V27 = I7, for some integer k,! and, therefore, V2 = 7 € Q.

Contadiction!

Solution 2. Let h () :=sinz + siny/2z, then

B (z) = cosz + V2 cos V2z
and

B’ (x) = —sinz — 2sin v2x

Assume that h (z) is periodic with 7. Then A’ (z) and h” (x) are periodic with
period 7.

2
Since h () + h" (x) = —sinv/2x and sin v/22 has main period 77% = /27 then

7 =+2mn because I’ (x) + "' (x) has period 7. Similarly, since
2h (¢) +h" () =sinz

we obtain 7 = 2nw. Hence,

m
V2mr =2nm <= V2= — €Q,
n

that is contradiction.

Remark. By the same way as above can be proved that
sinzx + sin ax is nonperiodic function if a is any irrational number.

Problem 4. Prove that coszsin+/2x non-periodic function.

.
Solution. Suppose that f (x) := cos x sin V2 is periodic with the period p.
Since

sin ((vV241) ) + sin (V2-1)z)
2

h(z) :=2f ((\/5—{-1) w) = sinz + sin ((2\/§+3> ’I:)

cos zsin V2x =

then
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Is periodic as well with period 7 = p(v2-1).
Further we can get the contradiction using idea of Solutionl or Solution 2 for
Problem 3.

Proposition 6. Let function f: D — R is periodic with period 7 > 0 and for some
a €D and f is boundeed on some segement [a,a + 7] C D then f boundeed on D.

Proof. Let |f (z)| < M for & € [a,a + 7] then for any z € D there is integer n such

r—a

that z — nr € [a,a + 7]. Indeed, = —a = 7n + P, where n := and

p::T{”’;“}e[o,T).

Then

T

T—Tm=a+pé€la,a+7)

and
I @) = |f (x - n7)| < M.

Proposition 7. If function f(z) defined on R is periodic and continuous on R then
f(R) = [m, M] where

= i , M =
" acluain @M= a1 (@)

for any a € R.

Theorem 2. Let f1, f2 be non constant periodic functions with periods

T1, T2, Tespectively, such that at least one of these functions continuous and
boundeed on its domain and another has at least one point of continuity on

D (fi)ND(f;). Then f1+ fo defined on D (f1) N D(fy) is periodic iff Ty, To are
commensurable.

Proof. Assume that f1 is continuous and boundeed on D (f1) and f5 has at least
one point of continuity on D (fi)ND(fa).

Remark 1. If D (f}) contain the segment [a,a + 1] fore some a € R we don’t need
claim boundness because by Proposition 6 f1 is boundeed on D (f1).-

Necessity. (by “reductio ad absurdum”). Let 71,75 be incommensurable. We may
assume that 71, 75 are main periods for fi, f2,respectively ( because both function
not a constant and both has points of continuity).

Suppose the contrary that J1+ f2 defined on open set D := D (fi)yND(fy) is
periodic with some period 7 > 0. It, in particular, implies that D, being the
periodic set with periods T1, T2,is periodic set with period 7 as well. We have

H@E@+1)+ fo(z+7) =
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=fi(z)+ f2(2) <= f1(x+7')—f1(a:):fg(a:)—fg(aH-T).

Let
h(z):=fi(@+7) - fi(@) = fo(z) - fa(z+7).

Then 74,75 both are periods of A (z) . Since
h(z)=fi(x+71) - fi(2)

is continuous in D and periodical then € (h) is dense in D because

{nri+mn | n,mez} can

is dense in D.
Indeed, the set {nri75 ' +m |n,m e Z} dense in R since 175! ¢ Q and,
therefore, for any interval (o, B) there are n,m € Z such that

ar; < nmTy L+ m < Byl = a< nT +mm < fB.
2 2 2

Thus, i (2) as continuous function should be a constant function.

Let h(z) = c,2 € D, that is f, (x+7) = fi(z) = c and f, (x+7) — fo(z) = —c for
any r € D.

Then

AE+n) - fi@)=czeD
yields fi (z +n7) — f, (z) = ne for any n € N and, therefore,

i fi(z+n7) - fi(z)

n—00 n

=0

- because , f; (x) is boundeed on D.
So, 7 is a common period of both functions f; and f,
Then 7 = m7 and 7 = n7y for some natural n, m and, therefore

T2
mmn =nmn = —cQ
71

and that is the contradiction.

& . < T m .
Sufficiency. Let 7,75 be commensurable that is — = —, Then 7 :— nT = mts is
n

72
common period for both functions and, therefore, is a period of f1+ f2, defined on
the set D (f1) VD (f2) (which is periodic with period 7).

Remark 2. Sufficiency don’t need continuity.

Problem. Let f : R — R be continuous and periodical non constant function with
main period 7.
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Prove that there is the point 2o € R such that
f(@o+7/2) = f (20).
Solution. Let h(z) := f (x4 7/2) — f (z).Then

hz+7/2)=f(x+7)—f+7/2)=f(2) - f(z+7/2) = —h(z).
If h(z) =0 for some z then we get such point. If & (z) # 0 for some z then

h(z+7/2)-h(z)=—-h%(z) <0
and, therefore, there is o € (z,x + 7/2) such that

h(zo) =0 <= f(zo+7/2) = f (o).

Problem. Let f,g: R — R be continuous and periodical functions with the same
period and li)m (f (#) — g (z)) = 0. Prove that f (z) = g(z) for any z € R.
x oo

Solution. Let 7 be any positive period of these functions.
Then

f(2) —g(z) = f(z +n7) - g(z+n7)
and, therefore,
f@)=g(@) = lim (f(z+n7) - g (a+nr)) = 0.

Problem. Prove that the following sum of periodical functions is non-periodic:

a) sinz + tan v2z; a
b) tanz + tan /2z.

a) Solution 1. Since

™

D(sinz):R,D(tan\/ﬁx) =R\{m+% [neZ}

and

D (sinz) N D (tan \/Qx) =R\, {

7r +%|n€Z

AR AlE)

then by Theorem 2. sinz + tan v/2z is unperiodical.

Solution 2. Let h (z) := sinz + tan az where a ¢ Q. Suppose that
h(z) periodic with period 7 > 0. Since h (z) is differentiable then
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I (z) = cos + a (1 + tan® ax) , A" (z) = —sinz + 202 tan az (1 + tan® azx)

are periodic with period 7 as well.

Since

h(r) = h(0),H (1) = h (0),R" (1) = K" (0)
then 7 satisfy to the system. Hence

sinT 4+ tanar =0
cosr+a(1+tan2ar)=1+a —
—sinT + 202 tanat (1 + tan? ar) =0

sinT 4+ tanar =0
— cosT +atan?ar =1
—sinT + 20 tanar (1 + tan?ar) =0

Then
sinT + tanat + (—sin7) + 202 tan at (1 + tan? ar) =0 <
tanat (1 + 2a° (1+tan’ar)) =0 <= tanar =0 < ar =nm,n €Z

and, therefore, sinT =0 <= 7=mm,m € Z

Hence,

n

nr=mra <= a=—€Q
m

and that is contradiction.

b). Solution Let /i (z) := tanz + tanax where a ¢ Q. €

Then
n (z) =1+ tan®z 4 a (1 + tan® az) =1+ a +tan®z + atan’® az,

tanT + tana7t = O,tan2 7+ atan?ar =0,

tan7 (1+ tan® 7) + 2a% tanar (1+ tan® ar) = 0.
Since tanaT = —tanT then
tan2T + atan?ar =tan’7(1+a)=0 < 7=nm,ne’l
and

tanar =0 <= ar =mm,m € Z.
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m . s
Hence, « = — € Q and that is contradiction.
n

More simple.
Since cot x + cot ax isn’t periodic (because D (cot x + cot ax) =

D (cotz) N D (cot ax) = R\7ZN R\gZ is non-periodic) then

tanz + tan ax = cot (7/2z — ) + cot (7/2z — axzx)

is non-periodic as well.
There are periodic and non constant functions that have incommensurable periods.
. 1 if x is algebraic number
F = s .
ekl 0 if z isn’t algebraic number ’

because among algebraic numbers we can find incommensurable numbers.

* 1. Kronecker’s Theorem [1]. a) For any irrational  set
{{n8} | n €N} densein (0,1).

b) For any irrational 6 set {nf + m | n € N,m € Z} everywhere dense (dense in R).
(that is for any a € R and any € > 0 there are n € N,m € Z that
la — (n +m)| < ¢).

2. Subset X C R is open if for any x € X there is positive real € such that
(z—e,xz+e)eX

3. Subset X C R is closed if R\ X is open
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